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A new mixing rule for the effective dielectric constant of composite materials is formulated on the basis of a
probabilistic approach for describing the structure of granular composite structures. The advantages of the
proposed model become apparent for high concentrations of inclusions with optical constants that differ sig-
nificantly from those of the matrix. The distinctive feature of this model compared to the Maxwell Garnett
rule is symmetry of the computational formulas and their invariance with respect to the numbering order of
the materials, as well as the possibility of describing the two-mode structure of the surface plasmon reso-
nance absorption band in metal-dielectric nanocomposites with a high concentration of the metallic phase.
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Introduction. At present the most widespread method of describing the optical properties of ultradispersed
composite systems is the effective medium approximation (EMA) [1–7]. With it, the effective dielectric constant εeff

can be calculated using, for example, the Maxwell Garnett (MG) formula, the Bruggeman formula, or any of their nu-
merous modifications, which are analyzed in some detail in [5]. However, the use of these approaches is limited by
two circumstances. First, in principle, representing a dispersed medium as a quasiuniform medium and introducing ef-
fective optical parameters excludes the possibility of evaluating the scattering characteristics of this medium. Second,
given the simplified assumptions regarding the topology of the medium, each of these models has a limited domain of
applicability and cannot describe the entire set of experimental data. At the same time, the relative simplicity of the
analytic expressions typical of these models can, in many cases, be a significant argument in choosing a method for
the quasiquantitative description of experimental results. For this reason, it is useful to determine just how completely
the best known EMA models are able to describe the major trends in the variation of the optical parameters of nano-
composites as their composition and microstructure are varied.

Thus, for example, it is known that the Bruggeman approximation for the effective dielectric constant applies
to a two-component medium with a structure close to an ideal random mixture where it is impossible to make a clear
separation between inclusions and the matrix. In contrast, the MG theory is for composites that contain distinct dis-
crete inclusions, but it applicability is limited to low volume concentrations of the dispersed phase. Each of the theo-
ries has its pluses and minuses when compared with experiment. For example, surface plasmon resonance absorption
(SPRA) bands in metal-dielectric nanocomposites can only be described by the MG theory, and the percolation thresh-
old for their conductivity, only by the Bruggeman theory.

An attempt has been made to combine the advantages of these two theories by Sheng [6]. Although the re-
sulting expressions for εeff are very cumbersome, they do describe the SPRA bands and the percolation conductivity
threshold. Formulas for εeff that are much more convenient for calculations but have the same physical advantages as
those of Sheng can be derived using the combined model (CM) of an effective medium described in this paper. This
approach is most effective in the optical range of the spectrum, where the object of discussion is the effective optical
characteristics of composites, such as the effective refractive index neff and absorption coefficient κeff.
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Computational Technique. Let us consider a two-component composite with a granular structure and compa-
rable concentrations of the component phases, such that it is impossible to separate strictly the inclusion and the ma-
trix phases. This kind of topology is realized, for example, in vacuum deposition technologies for creating granular
coating with comparable concentrations of the constituents [7]. In this situation (in the range where the matrix under-
goes an inversion) it is necessary to account for the finite probability of two different types of composite medium in
localized parts of the composite: type 1 corresponds to the situation where grains of material 1 (with dielectric con-
stant ε1) are in a matrix of material 2 (with dielectric constant ε2) and type 2, to the situation where the grains of
material 2 are in a matrix of material 1. We denote the probabilities of realizing these events by w1 and w2. Then the
effective dielectric constant averaged over the different realizations at some local point can be defined as

εeff
CM

 = (εeff)1 w1 + (εeff)2 w2 . (1)

The (εeff)i in Eq. (1) are found using the MG relations [1],

εeff
MG

 − ε0

εeff
MG

 + 2ε0

 = pi 
⎛
⎜
⎝

εi − ε0

εi + 2ε0

⎞
⎟
⎠
 .

After some elementary transformations, we obtain

(εeff)i = (εeff
MG)i = 

2ε0 (εi − ε0) pi + ε0 (εi + 2ε0)
(εi + 2ε0) − (εi − ε0) pi

 , (2)

where εi = εi
′ + iεi

′′ is the complex dielectric constant of the grain material and ε0 = ε0
′  + iε0

′′ is that of the matrix
material into which the grains are incorporated.

To determine the probabilities w1 and w2 in Eq. (1) as functions of the relative volume concentrations of the
components of the composite, we use arguments similar to those in [6]. Let us consider a spherical region inside the
composite where a fraction p1 of the volume is occupied by molecules of species 1, while the remainder of the vol-
ume is occupied by p2 = 1 – p1 molecules of species 2. Here p1 and p2 are the macroscopic volume concentrations
of substances 1 and 2. As a result of diffusion or the coalescence of the molecules, two situations are possible: sub-
stance 1 forms a grain and substance 2, a coating, or substance 2 forms a grain and substance 1 a coating. The rela-
tive probabilities of these two cases can be estimated by counting the number of equally probable final configurations
corresponding to different positions of the grains within the region being considered. We assume that the grains
formed by diffusion or coalescence are spherical in shape. Then, for the event corresponding to formation of a grain
of substance 1 in the region under consideration the number of configurations is proportional to ν1 = (1 – p1

1/3)3, i.e.,
to the free volume accessible for the center of a grain of this material. For the same reasons, the number of configu-
rations for the alternative situation involving formation of a grain of substance 2 is proportional to ν2 = [1 – (1 –
p1)

1/3]3. Thus, for any values of p1 and p2, the relative probability of the first case is w1 = ν1/(ν1 + ν2) and that of
the second, w2 = 1 – w1 = ν2/(ν1 + ν2). Despite its simplicity, this approach can be used to describe the major ex-
perimentally observed behavior of the composite with changes in its topology as a functions of the concentrations p1

and p2, including within the region p1 = 0.35–0.65 corresponding to the range of a structural transformation in which
the matrix is inverted.

Then, according to the proposed CM, the final formula for the effective dielectric constant εeff
CM is

εeff
CM

 = w1 
2ε2 (ε1 − ε2) p1 + ε2 (ε1 + 2ε2)

(ε1 + 2ε2) − (ε1 − ε2) p1

 + w2 
2ε1 (ε2 − ε1) (1 − p1) + ε1 (ε2 + 2ε1)

(ε2 + 2ε1) − (ε2 − ε1) (1 − p1)
 , (3)

where w1 = (1 – p1
1 ⁄ 3)3/[(1 – p1

1 ⁄ 3)3 + (1 – p2
1 ⁄ 3)3] and w2 = (1 – p2

1 ⁄ 3)3/[(1 – p1
1 ⁄ 3)3 + (1 – p2

1 ⁄ 3)3].
Note that, for p1 = 0, εeff

CM = ε2, while for p1 = 0, εeff
CM = ε1. In addition, as p1 → 0, εeff

CM → (εeff
MG)1; p1 → 1

εeff
CM → (εeff

MG)2. Equation (3) can also be used to obtain the effective complex refractive index of the composite, meff

= neff – iκeff, which is related to the effective complex dielectric constant by the well known formula εeff = meff
2 .

Hence, εeff
′ (λ) = neff

2  – κeff
2 , εeff

′′ (λ) = 2neffκeff.
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In order to analyze the behavior when the features of closely packed media are included in the CM for the
effective medium, we have studied the effect of the optical constants of the materials of the particles and matrix, as
well as their relative concentrations on Δ. = εeff

CM – εeff
MG, the difference in the effective dielectric constants calculated

using Eq. (3) and the MG rule. It was found analytically that the derivative of Δ with respect to ε1
′  is characterized

by four roots, two of which coincide and are degenerate. The degenerate roots correspond to ε1
′  = ε2

′  and ε1
′′ = ε2

′′, i.e.,
to the case of a homogeneous medium. The two nondegenerate roots set the conditions for realizing two extrema of
the function Δ, of which the maximum Δ can be discovered by analyzing the sign of the second derivative of this
function. Thus, we can establish the range of parameters corresponding to the maximum differences between the two
models for the effective medium.

For example, in the case of a real ε2, the maximum of Δ corresponds to the condition

ε1 = G ⁄ ε2 ,

where 

G = F1
 ⁄ F2, F1 = 8(− 1 + (1 − p)1 ⁄ 3)3

 (− 1 + p) p(− 4 + 2p) − √⎯f  ) (√⎯f  f1 + f2), 

F2 = 3(1 − 3(1 − p)1 ⁄ 3 + 3(1 − p)2 ⁄ 3 − 3p
1 ⁄ 3 + 3p

2 ⁄ 3) (3 − p) + √⎯f  )3
 (− p + √⎯f  )3

, f = 7 + (− 4 + p) p, 

f1 = 34 − 41p + 18p
2
 − 3p

3
, f2 = 91 − 136p + 82p

2
 − 24p

3
 + 3p

4
.

These equations show that the peak of Δ for a fixed volume concentration occurs when Im ε1 = 0 and shifts
to smaller Re ε1 with increasing ε2. The unwieldiness of these formulas makes further analytic study difficult. Thus,
in order to estimate the dependence of Δ on the optical-structural parameters of the composite, we have done some
illustrative calculations over a wide range of the parameters εi and pi.

Figure 1a shows the dependence of Δ on the real part of the dielectric constant of the nanoparticles ε1
′  for the

case in which the materials of both the nanoparticles and the matrix are nonabsorbing (ε1
′′ = ε2

′′ = 0). Then the effec-
tive dielectric constant of the composite also has no imaginary part. The calculations were done for two volume con-
centrations of the nanoparticles in the composite (in the following we use the notation p � p1). The real part of the
dielectric constant of the matrix was taken to be ε2

′  = 1(0.5)4.5. It can be seen that for positive ε1
′ , the function Δ(ε1

′ )
changes sign. Here the differences between εeff

CM and εeff
MG are most noticeable when the concentrations of the nanopar-

ticle and matrix materials are similar (p = 0.65) and ε1
′  and ε2

′  differ substantially.
For the case where only the matrix material is nonabsorbing (ε2

′′ = 0), Fig. 1b and c show the real (ΔRe) and
imaginary (ΔIm) parts of Δ on the real part of the dielectric constant of the nanoparticles, ε1

′ . The imaginary part of
the dielectric constant of the nanoparticles was taken to be ε1

′′ = 0.5, 1.0, 2.0. In this case, also, ΔRe(ε1
′ ) and ΔIm(ε1

′ )
change sign. Calculations were also done for two volume concentrations of the nanoparticles in the composite and
show the same increase in the differences for p = 0.65 compared to p = 0.90. It is interesting that the increase in the
imaginary part of the dielectric constant of the nanoparticles (ε2

′′) has the opposite effect on ΔRe and ΔIm, with a de-
crease in ΔRe and an increase in ΔIm for fixed ε1

′ .
The set of data shown in Fig. 1 confirms that, for transparent matrices, ΔRe increases monotonically as the

real part of the dielectric constant of the nanoparticles is increased and/or the imaginary part is decreased. On the
other hand, ΔIm increases monotonically when both the real or the imaginary parts of the dielectric constant of the
nanoparticles are increased. For nontransparent matrices, these dependences (for both ΔRe and ΔIm) are nonmonotonic.

Figures 2 and 3 show the differences of the effective dielectric constants calculated using Eq. (3) and using
the MG approximation as functions of the concentration p of the dispersed phase. These calculations were done with
a step size p = 0.01 for real compositions whose components are characterized by a spread in the refractive index
[8, 9] and the calculations have been done at characteristic wavelengths. For example, for Ag/SiO2 composites, the
chosen wavelengths are λ = 0.65 and 0.50 μm, which lie near the SPRA and the corresponding regions of negative
ε1

′ . For λ = 0.65 μm the dielectric constants of the components of the composite are given by εAg = –17.509 – i0.565
and εSiO2 = 2.391, and for λ = 0.5 μm, by εAg = –8.234 – i0.287 and εSiO2. = 2.413. It is interesting to note that in
this frequency range for Ag/SiO2 composite, Δ depends nonmonotonically on the concentration, while ΔRe changes
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sign. The differences between the models are insignificant for concentrations p < 0.2 and become quite substantial for
p = 0.2–0.8. In all these cases the greatest differences for ΔRe occur for nanoparticle concentrations near p = 0.65.

The dependence of ΔIm on the concentration of metallic nanoparticles is characterized by a minimum with po-
sition and magnitude determined by the detuning from the frequency of the localized SPRA. Especially large devia-
tions can be observed for Ag/SiO2 composites and λ = 0.65 μm. This is evidently related to the closeness of this
wavelength to the location of the peak of the SPRA band for concentrations p = 0.65 of silver nanoparticles in silica.
We emphasize that these features of Δ are typical of nanocomposites for which the Froehlich condition ε1(2)(ω) =
–2ε2(1)(ω) [10] holds within some spectral region, e.g., metal-dielectric nanocomposites in the visible. The fact that a
localized SPRA band of these composites appears in the spectrum near the Froehlich frequencies is reflected in the
resonant character of the variation in the imaginary part of εeff, which is intrinsic both the CM and to the MG model
[5–7].

Fig. 1. The differences between the effective dielectric constants calculated
using Eq. (3) and using the Maxwell Garnett approximation as functions of
the optical constants of the particle and matrix materials; p = 0.90 (smooth
curves) and 0.65 (dashed): (a) ε1

′′ = ε2
′′= 0, (b) and (c) ε2

′′ = 0.
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Results and Discussion. An analysis of Eqs. (2) and (3) shows that the differences from the dielectric con-
stant of the composite medium calculated by the MG formulas are greatest when there is a substantial concentration
of inclusions, and also for high values of the dielectric constant or in the spectral regions of the surface resonances.
This is a reflection of the indirect accounting for the variation in the characteristics of the local field as the topology
of the medium changes with changing concentration in the proposed CM. The concentration sensitivity of the local
field and, therefore, of the difference in the complex effective refractive index (neff – iκeff) calculated by the CM will
obviously increase when the optical contrast of the inclusions is greater.

An intuitive confirmation of this point can be obtained by, for example, comparing the real and imaginary
parts of the complex effective refractive index calculated using the MG formula and Eq. (3) (Figs. 4 and 5). These
calculations were done for porous materials (porous quartz and porous silicon), which are widespread in nature and are
used in practical applications. The refractive index of silicon in the visible is characterized by strong dispersion and
ranges over n � 3–5. The refractive index of quartz in the same spectral region is roughly constant (n � 1.45).

Fig. 2. The effective dielectric constants calculated using Eq. (3) (smooth
curves) and using the Maxwell Garnett approximation (dashed curves) (a, b)
and their difference (c) as functions of the concentration of the dispersed
phase for Ag/SiO2 composite: λ = 0.65 μm, εAg = –17.509 – i0.565, εSiO2

 =
2.391.
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A comparison of Fig. 4 with Fig. 5a and a′, shows that for the SiO2—air system the difference between neff
CM and

neff
MG is 1%, while for Si–air, this difference can approach 100%.

Even larger differences in the calculated neff and κeff occur for resonant systems, e.g., for metal-dielectric
nanocomposites, which have SPRA in the visible. Thus, Fig. 6 shows some numerical calculations for silver nano-
spheres in a silicate matrix.

Figure 6a and b shows that for low concentrations of metallic nanoparticles (up to p = 0.3), the complex ef-
fective refractive indices calculated by both models are essentially the same over the entire visible range of the spec-
trum. There is a slight difference (10–15%) in a narrow region at λ ≈ 0.5 μm, corresponding to the position of the
SPRA for low concentrations of the metallic nanoparticles. At the same time, for p = 0.65 (Fig. 6a′ and b′), the re-
sults of these calculations are quite different, especially in the region of 0.6–0.7 μm, which corresponds to the location
of the collective SPRA for these concentrations of the metallic nanoparticles. In this range of wavelengths and con-
centrations, there is a fourfold difference in neff and κeff as calculated using Eqs. (2) and (3). An analysis of Fig. 6
shows, therefore, that, for plasmon-resonance systems, the characteristics of the local field and the SPRA bands are
extremely sensitive to the topology of the nanocomposite.

Fig. 3. The differences between the effective dielectric constants calculated
using Eq. (3) and using the Maxwell Garnett approximation as functions of
the concentration of the dispersed phase: (a) for Ag/SiO2 composite, λ = 0.5
μm, εAg = –8.234 – i0.287, εSiO2

 = 2.413; (b) for porous silicon, λ = 0.65 μm,
εSi = 14.831 – i0.126.

Fig. 4. Spectral variation of the real part of the effective dielectric constant
calculated using Eq. (3) (smooth curve) and using the Maxwell Garnett ap-
proximation (dotted curve) for porous silica with a volume fraction of SiO2 of
p = 0.65.
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Fig. 5. Spectral variations of the real (a, a′) and imaginary (b, b′) parts of the
effective refractive index calculated using Eq. (3) (smooth curve) and using
the Maxwell Garnett approximation (dotted curve) for porous silica with vol-
ume concentrations of Si, p = 0.35 (a, b) and p = 0.65 (a′, b′).

Fig. 6. Spectral variations of the real (a, a′) and imaginary (b, b′) parts of the
effective refractive index calculated using Eq. (3) (smooth curve) and using
the Maxwell Garnett approximation (dotted curve) for Ag/SiO2 composite with
volume concentrations of Ag of p = 0.35 (a, b) and p = 0.65 (a′, b′).
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It is important to emphasize that calculations using the MG formulas for substantial concentrations of the
metal in a composite will yield an optical density greatly in excess of that found in the region of an SPRA band
[5, 6]. Thus, we can say that the tendency toward a decrease in κeff

CM relative to κeff
MG shown in Fig. 6 is suggests that

it may be better to use the CM for calculating the optical density of plasmon-resonant composites with large amounts
of a metallic phase.

This conclusion is confirmed by a direct comparison of the CM and MG model calculations with experiment.
In the calculations the optical constants of silver from [8] were used and the dielectric constant of SiO2 was assumed
equal to 2.2 (n = 1.4832). The experimental data for Ag/SiO2 nanocomposites were taken from [11]. For convenience
in comparing the experimental and theoretical results, the experimental curves are normalized so they coincide with
the calculations at short wavelengths. Figure 7 shows that, for low concentrations of silver nanoparticles embedded in
an Ag/SiO2 matrix (p = 0.3), the optical densities calculated using the CM and the MG model essentially coincide and
exceed the experimental values in the SPRA region. This may be related to the strong broadening of the experimental
SPRA owing to the polydispersivity of the real nanocomposite and the size dependence of the optical constants of the
Ag nanoparticles. The advantages of the CM show up at medium concentrations of silver (p = 0.64), which corre-
spond to the inversion zone for the matrix. The CM calculations for these values of p are very close to experiment,
while the MG model yields values of the SPRA that are high by a factor of more than three. The advantages of the
CM show up even more strongly near silver concentrations of p = 0.83, when inversion of the matrix is already com-
plete and the composite consists of SiO2 nanoparticles embedded in silver. At these concentrations the MG model still
implies the existence of a strong silver SPRA, while the SPRA band of silver is almost entirely absent in the experi-
ment and in the CM calculations.

One vital advantage of the proposed CM is that Eq. (3), as opposed to the MG formula, is symmetric and
the result of a calculation with it is independent of the chosen order of enumerating the materials. For example, if the
volume fraction of one of the materials (the metal) in the composite is 40%, while that of the other (the dielectric) is

Fig. 7. Spectral dependences of the optical density of granular Ag/SiO2 nano-
composite films of thickness L with a volume content of silver p obtained ex-
perimentally (smooth curves) and calculated using the combined model
(dotted) and the Maxwell Garnett model (dot-dashed curve): (a) p = 0.30, L =
32 nm; (b) p = 0.64, L = 82 nm; (c) p = 0.83, L = 41 nm.
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60%, then Eq. (3) yields the same value of the effective dielectric constant of the composite whether we set
εmet = ε1, p1 = 0.4, εdiel = ε2, p2 = 0.6 or εmet = ε2, p2 = 0.4, εdiel = ε1, p1 = 0.6. For this reason, when p = 0.5 (equal
volume fractions of both materials) the calculation according to Eq. (3) is independent of which of the materials is
regarded as an inclusion and which is the matrix. At the same time, the asymmetry of the MG formula yields a
nonunique answer for p = 0.5: the effective dielectric constant of the composite medium and, therefore, its optical
spectra turn out to depend on which of the materials is regarded as the inclusion and which, the matrix. This shows
up most clearly in the calculated characteristics of plasmon-resonance nanocomposites (Fig. 8).

An analysis of Eq. (3) also yields another physically obvious result that does not follow from the MG for-
mula. When there is a significant volume concentration of a metallic ultradispersed phase in a composite where both
metallic nanoparticles surrounded by a dielectric matrix and dielectric "voids" surrounded by a quasicontinuous metal-
lic phase are encountered, two types of surface modes can develop (see Fig. 6a′ and b′). First, there are the well stud-
ied plasmon resonances on metallic nanoparticles (in particular at λ � 650 nm) and, second, there are the less well
known plasmon resonances on dielectric nanopores (dielectric inclusions) in the metal (λ � 335 nm). These two
groups of plasmon resonances lie in different spectral regions. The first group corresponds to the condition ε1 = –2ε2

and the second, to 2ε1 = –ε2 [10]. For the typical frequency dependence of the dielectric constant of the metal in the
Drude model, the modes of the second group occur at higher frequencies than those of the first group. For real, even
very monodispersed composites, the modes of both types are, of course, strongly broadened by collective interactions.
Nevertheless, the large spectral interval between them suggests that, under favorable conditions, they can be resolved
in experimental spectra. An SPRA band associated with resonance absorption on "voids" in a metal-dielectric compos-
ite has been observed experimentally [12], with a faint absorption band detected at short wavelengths (λ � 350 nm)
in an analysis of the measured transmission and reflection spectra of a composite.

As noted above, the main subject of this paper is the concentration dependence of the optical properties of
nanocomposite structures with different compositions. Nevertheless, it is useful to consider briefly the possibility using
the CM to describe nonoptical characteristics of metal-dielectric composites, such as conductivity and percolation be-
havior that shows up at low frequencies. Figure 9 shows the dependences of the effective conductivity σeff =
(ω ⁄ 4π)Im εeff of granular Ag/SiO2 nanocomposite on the volume fraction of silver calculated using the MG model and
the CM. For calculating the imaginary part of εeff at λ = 1.93 μm, the values εAg

′′  = 6.758 [9] and εSiO2
 = 2.2 [8] were

Fig. 8. Spectral dependence of the transmission coefficient T = exp (–4πκeffl/λ)
of a composite Ag/SiO2 film of thickness L = 10 nm with a volume concen-
tration of Ag of p = 0.5: calculations using the combined model and Eq. (3)
(smooth curve) ; using the Maxwell Garnett approximation assuming that the
Ag particles are embedded in the SiO2 matrix (dotted curve); and using the
Maxwell Garnett approximation assuming that the SiO2 fills the pores in a sil-
ver matrix.
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used. The CM provides a qualitative description of the percolation properties of the metal-dielectric composite. For
this case the effective conductivity of the composite increases quite rapidly for metal concentrations in the range p =
0.35–0.65, and as p → 1 essentially approaches the conductivity of the bulk metal. Applying the MG model to the
same object does not lead to a significant increase in the conductivity of the composite with increasing volume con-
centration of the metallic phase. We believe that these fundamental differences in the conductivity calculated with the
MG model and the CM are related to the use of a probabilistic approach for describing the structure in the CM. Here,
although the simplified approach used in the CM also neglects interactions between neighboring regions during grain
formation, it can describe the structural transition regime responsible for percolation processes. Thus, it can easily be
shown that for metal concentrations p = 0.35–0.65, the relative probability of detecting metal nanoparticles in the di-
electric matrix w1 = (1 – p1

1 ⁄ 3)3/[(1 – p1
1 ⁄ 3)3 + (1 – p2

1 ⁄ 3)3] drops sharply from 0.92 to 0.08, with the quantity w2 =
1 – w1 respectively increasing sharply (from 0.08 to 0.92). This is the reflection of the fact that the matrix has been
inverted (from dielectric to metallic), which leads to a sharp rise in the effective conductivity of the metal-dielectric
composite as the concentration of the metallic phase is raised over p = 0.35–0.65.

Conclusion. The use of a probabilistic approach for describing the structure of a granular composite makes it
possible to formulate a mixing rule for the effective dielectric constant of composite materials that applies to arbitrary
volume concentrations of the inclusions. For low inclusion concentrations, the combined model of an effective medium
proposed here on the basis of this approach yields results that are essentially the same as calculations employing the
Maxwell Garnett approximation. The advantages of using the new mixing rules (the combination model for an effec-
tive medium) show up at higher inclusion concentrations, where the optical characteristics are substantially different
from those of the matrix. The definite advantages of the proposed model include symmetry of the computational for-
mulas and the fact that the results are independent of the numerical ordering of the constituent materials, as well as
the ability to describe the two-mode structure of surface plasmon resonance absorption in metal-dielectric nanocompo-
sites with high concentrations of the metallic phase.
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