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On the basis of the statistical theory of multiple scattering of waves, we offer a numerical approach to calculate
coherent transmission and reflection for the three-dimensional (3-D) photonic crystals that consist of partially
disordered dielectric spheres. With the proposed scheme, which we call the transfer-matrix (TM) method with
quasi-crystalline approximation (QCA), we consider a quasi-regular 3-D assembly of particles as a stack of
close-packed monolayers with a short-range ordering. Single-scattering characteristics are determined by
Mie theory. Lateral electrodynamic coupling between the particles of a monolayer is treated in the QCA.
Multibeam interference between monolayers is described in a manner analogous to the TM technique. We
apply the TM-QCA calculation technique to study two revealed effects: (1) short-wavelength attenuation due
to particles of finite sizes and (2) nonmonotonic dependence of the pseudogap depth on the particle size,
refractive-index contrast, and intermonolayer distances. © 2004 Optical Society of America
OCIS codes: 290.4210, 030.1670, 290.5850, 160.4760.

1. INTRODUCTION
During the past decade a novel class of optical materials,
photonic crystals (PCs), has attracted the attention of
many researchers.1,2 A periodic modulation of the refractive index in such dielectric microstructures leads to a formation of the nontrivial photonic band structure.3–5 The
most dramatic modification of the photonic states in these
systems occurs when suitably engineered threedimensional (3-D) PCs exhibit a frequency range, the socalled complete photonic bandgap (PBG), over which the
light propagation is forbidden regardless of the direction
of propagation and polarization. However, applications
that rely on the Bragg diffraction or strong photonic dispersion in PCs without a complete PBG can also be essentially sufficient to provide a large number of practical
needs.
For example, in the late 1980s the pseudogap effect
(i.e., formation of frequency ranges in which the photon
density of states is strongly suppressed but does not vanish) was used to create new infrared interferencescattering low-pass filters with high steepness.6 In addition, modification of the spontaneous emission rate of dye
solutions impregnating colloidal crystals with a
pseudogap has been observed,7 and distributed-feedback
lasing has been realized.8
It is clear that any experimental exploration as well as
a technological application of PCs has to be accompanied
by a quantitative theoretical analysis. Detailed numerical simulations of PC structures allow for the interpretation of experimental data and help to extract the relevant
parameters. Perhaps more importantly, the theoretical
design of PC structures allows for the identification of the
most interesting cases and for the investigation of stable
designs for successful operation of devices. During the
0740-3224/2004/101866-10$15.00

past decade there have been many different accurate and
approximate theoretical methods developed for these purposes.
Currently the most popular schemes to calculate optical properties of PCs are the plane-wave expansion9
method, the finite-difference time-domain method,10 and
the transfer-matrix (TM) method.11 There are also a
number of studies based on the theory of multiple scattering of waves that employ an analytical treatment of the
diffraction problem on a single scatterer.5,12–15 These
methods allow for the calculation of the band structure as
well as the transmission and reflection coefficients of periodic particle arrays.
However, a majority of the applications for PCs requires a defect injection, which gives rise to a disturbance
of their perfect periodicity. Of even greater importance is
partial topological or size disorder, which is inherent for
modern technologies of PC fabrication for the visual and
infrared regions. So there are many reasons that such
materials are not really perfectly periodic, but are only
high-ordered arrays of mesoscopic particles. The most
adequate formalism to describe the optical properties of
these media, from our point of view, is the approach based
on the statistical theory of multiple scattering of waves
(STMSW).16
The statistical approach to describe 3-D PCs is given in
Ref. 17. For example, for the artificial opal the influence
of the matrix refractive index and the geometric thickness
of a sample on the spectral position and the depth of the
transmission dip have been established. Good agreement with the experimental data has been shown. However, to our knowledge the optimization of optical geometric parameters for 3-D opallike PCs has still not been
sufficiently explored. In addition, there has been no con© 2004 Optical Society of America
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sideration given to the possibility of controlling the
pseudogap properties by a change of interlayer distances
or a lateral ordering of monolayers forming 3-D layered
PCs.
In this paper we apply the STMSW approach to study
the direct transmittance and specular reflectance of 3-D
layered PCs such as opals and periodic stacks of closepacked monolayers separated by thin solid films. In Section 2 we provide a detailed description of the applications of the transfer-matrix method with quasi-crystalline
approximation (TM-QCA method).

2. TRANSFER-MATRIX METHOD WITH
QUASI-CRYSTALLINE APPROXIMATION
From the point of view of optics of light-scattering media,
formation of PBGs is a result of interference of waves
multiply scattered by the ensemble of correlated particles.
The higher the space ordering of the disperse medium,
the more significant are the collective coherent phenomena such as coherent overirradiation between the particles and interference of waves scattered coherently.
There are two main types of high-ordered dispersed layers consisting of spherical particles. They are (i) the
structures such as the periodic stack of close-packed
monolayers separated by subwavelength thin solid films
and (ii) the so-called opallike structures, which consist in
the regular array of spheres with a face-centered cubic
lattice.
Structure (i) is characterized by at least the onedimensional regularity leading to the manifestation of the
pseudogap that is sensitive not only to the distances between monolayers but also to parameters of individual
monolayers18 (Fig. 1). Structure (ii) is ordered in all
three dimensions similar to a mesoscopic crystalline lattice. This is an example of a 3-D PC that can be regarded
as the special case of (i) with the regular monolayers and
intermonolayer distances equal to the particle size.
The STMSW operates with the field moments, which
are the values averaged over the statistical ensemble of
particles. It means that all possible configurations of the
given particle array are taken into account. The main
field characteristics of the STMSW are the first and second moments, i.e., the average (or coherent) field 具 E(r) 典
and the field covariation 具 E(r) • E* (r) 典 .
The coherent field 具 E(r) 典 is determined from the following chain of equations:
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具 E共 r兲 典 ⫽ E0 ⫹ p 0

冕

t共 r, ri 兲 具 E共 ri 兲 典 i dri ,

具 E共 ri 兲 典 i ⫽ E0 ⫹ p 0

冕

g 共 ri , rj 兲 t共 ri , rj 兲

⫻ 具 E共 rj 兲 典 ji drj ,
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(1)

(2)

and so on. Here 具 E(r) 典 is the field averaged over all configurations of particles; 具 E(ri ) 典 i is the averaged field with
one fixed particle; 具 E(ri ) 典 ij is the averaged field with two
fixed particles; p 0 is the average concentration of particles; g(ri , rj ) is the binary correlation function, which
determines the probability of the location of the centers of
two particles at points ri and rj , correspondingly.
Some special procedures were developed to interrupt
the chains of equations and determine the coherent field
and coherent intensity I c ⫽ 兩 具 E(r) 典 兩 2 . The most wellknown calculation schemes of the STMSW are the singlescattering approximation, the effective field approximation, and the quasi-crystalline approximation (QCA).
They differ from each other in the manner of the effective
field description.
The QCA seems to be the most advanced technique.
The main assumption of the QCA, proposed by Lax,19 is
that 具 E(r) 典 ij ⬇ 具 E(r) 典 i . This approximation supposes
that fixation of any particle specifies the spatial configuration of the whole assembly. For a random monolayer,
the closer the structure is to the crystalline assembly, the
more justifiable is this assumption.
The stratified and opallike structures can be considered
as layer periodic dispersed structures. In our opinion,
the most natural scheme of their optical characterization
is based on the solution of the problem in two steps: (i)
determination of the vector scattering amplitude of a
monolayer and then (ii) consideration of the electromagnetic interactions between all monolayers of the sample
through a self-consistent procedure such as the wellknown T-matrix technique.11
The most principal step is the first stage that is applied
to the lateral electrodynamic coupling of particles in a
high-ordered monolayer. For this first stage, we propose
using
the
STMSW
approach,
especially
the
well-developed20 QCA.
In Subsections 2.A and 2.B we briefly consider the fundamental points of the TM-QCA method used in this paper to study the pseudogap properties of 3-D PCs containing mesoscopic spherical dielectric particles.
A. Vector Scattering Amplitude of a Close-Packed
Monolayer
Let us consider an infinite monolayer lying along the X,
O, Y plane and irradiated by a plane-polarized wave coming along the z direction. Then by use of the Green function approach, the ensemble-averaged field 具 E(r) 典 and the
effective field inside a particle 具 E(r ⫹ R) 典 R are described
in the QCA by the following system of equations:

Fig. 1. Scheme of light interaction with the stratified system of
particle monolayers.

具 E共 r兲 典 ⫽ e exp共 ikz 兲 ⫹

2i
k

p 0 f共 ⫾z兲 exp共 ikz 兲 ,
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具 E共 r ⫹ R兲 典 R ⫽ e exp共 ikz 兲 ⫹

冕

冕

cal simulation of g(r), ␤ l , and ␣ l is performed with the
iteration method. As the Mie coefficients are determined, we employ the reverse recursion technique.

I 共 r ⫹ R,r⬘ ⫹ R兲
dr⌫

⫻ 具 E共 r⬘ ⫹ R兲 典 R ⫹ p 0
⫻
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冕

dR⬘ g 共 兩 R ⫺ R⬘ 兩 兲

I 共 r ⫹ R, r⬘ ⫹ R⬘ 兲
dr⬘ ⌫

⫻ 具 E共 r⬘ ⫹ R⬘ 兲 典 R ⬘ ,

(3)

where
f共 ⫾z兲 ⫽

k2
4

共 ñ 2 ⫺ 1 兲

冕

V

I ⫺ zz兲 具 E共 r⬘ 兲 典
dr⬘ exp共 ⫾ikz 兲共 1
(4)

is the vector scattering amplitude of a single particle; p 0
I (r, r⬘ ) is the
is the surface concentration of particles; ⌫
tensor Green function; and k is the wave number. The
space integral of Eq. (4) is taken over a particle’s volume.
The plus and minus signs correspond to the transmitted
and reflected waves, respectively; z is a unit vector along
the z axis.
According to Eqs. (3), we can introduce the vector scattering amplitude of a monolayer:
F共 ⫾z兲 ⫽

2i
k

p 0 f共 ⫾z兲 .

f共 ⫾z兲 ⫽ e

2k

兺 共 ⫾1 兲 共 2l ⫹ 1 兲共 ␤
l

␤ l ⫽ b l ⫹ p 0b l

兺

j⫺1

⫹

⫹

兺G

p

N

⫹

⫺

⫹F

p⫽1

兺 共P ␣
l

l

⫹ Q l␤ l 兲.

l

Here a l and b l are the Mie coefficients; functions P l
and Q l are expressed in a complicated manner18,20
through the Legendre polynoms and the characteristic
functions H p ⫽ 2  兰 d⬁ dRRg(R)h p( 1 ) (kR), where h p( 1 ) is the
Hankel function. Calculation of the radial distribution
function for the dense particle monolayer is carried out in
the Percus–Yevick approximation for solid spheres21
when the degree of particle ordering and the subsequent
features of the radial distribution function are determined by the overlap parameter  ⫽ p 0  d 2 /4. Numeri-

兺

Gp ⫺

p⫽j⫹1

⫻ exp关共 p ⫺ j 兲 2ikl m 兴 ,
j⫺1

⫺

⫺

⫺

Gj ⫽ F ⫹ F

兺G

p⫽1

p

N

⫹

⫹

⫹F

兺

Gp ⫺

p⫽j⫹1

⫻ exp关共 p ⫺ j 兲 2ikl m 兴 .
共 P l␤ l ⫹ Q l␣ l 兲,

(6)

Here Gj ⫾ ⫽ G(⫾z) are the scattering amplitudes in the
forward and backward directions for the jth monolayer in
the presence of the other monolayers of the system; l m is
the interlayer distance, i.e., the spatial interval between
the centers of neighboring monolayers (see Fig. 1).
The method of a self-consistent field, which allows us to
consider electrodynamic interactions between the layers,
is an effective technique to find Gj ⫾. It yields the following system of equations:

⫾ ␣l兲.

l

␣ l ⫽ a l ⫹ p 0a l

Gj ⫺ exp关共 j

j⫽1

⫺ 1 兲 2ikl m 兴 .

i⫽1

Use of the additional theorem for the vector spherical
functions when we integrate Eqs. (3) for the unknown coefficients ␤ l and ␣ l yields the following system of the
equations:

j⫽1

N

具 E共 ⫺z兲 典 ⫽ exp共 ikz 兲

Gj ⫽ F ⫹ F
l

Gj ⫹ ,

具 E共 z兲 典 ⫽ exp共 ikz 兲 e ⫹

⫹

⬁

冉 兺 冊
再兺
冎
N

(5)

The monolayer scattering amplitude F(⫾z) is expressed in terms of the vector scattering amplitude of a
single particle f(⫾z), which is determined with the overirradiation between the particles taken into account.
When a monolayer comprises particles of a spherical
shape, one can solve Eqs. (3) by expanding all fields, even
the incident one, into the vector spherical functions and
then determine the corresponding coefficients from a set
of linear algebraic equations.18,20 Then the expression
for the single-scattering amplitude takes the form
i

B. Multilayer Scattering System
To calculate the coefficients of coherent transmission and
reflection of a multilayer scattering system we use the
technique described in this subsection.
Let the distances between the neighboring parallel
monolayers be equal and the propagation vector of the incident plane wave be transverse to the monolayer surfaces and parallel to the z unit vector. To describe the coherent field of a single monolayer we apply the
expressions obtained by the QCA for the vector scattering
amplitudes F⫾ ⫽ F(⫾z) [see Eqs. (3)–(5)]. Then the coherent field of the whole sample consisting of N monolayers can be determined as

(7)

The sums in these expressions take into account the coherent irradiation of the jth monolayer by the other
monolayers. Solving the set relative to Gj ⫾ and putting
it in Eqs. (6), one can find the coherent field of the
multilayer structure composed of equidistant monodisperse layers. However, this technique is also effective for
the case of polydisperse monolayers18 as well as for monolayers separated by films distinguished by thickness.
At this second stage the method proposed is close to the
TM approach with only the monolayer amplitude function
determined in the QCA of the STMSW. That is why we
refer to the scheme as the TM-QCA method.
Note that at a plane-wave incident on the planeparallel dispersed layer, spectral coefficients of coherent
transmission and reflection can be defined through the co-
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herent field as T ⫽ 兩 具 E(z) 典 兩 2 and R ⫽ 兩 具 E(⫺z) 典 兩 2 , respectively. It is worthwhile to remember that coherent T and
R correspond to the coefficients of direct transmission and
specular reflection measured in the case of the small angular detection.

3. RESULTS AND DISCUSSION
In this section we use the TM-QCA calculation scheme to
study the dependence of pseudogap characteristics of 3-D
layered PCs on the refractive-index contrast, particle
mean size, and intermonolayer distances. We focus on
the nature of the enhanced attenuation over the blue
range off a pseudogap and analyze the revealed nonmonotonic dependence of this transmission interference dip on
the named parameters. To separate the role of system
ordering in the third direction (stacking), we also consider
spectral dependences of monolayer transmittance and reflectance.
A. Photonic Crystal Transmission Spectra
Characterization
A typical transmission spectrum of a 3-D layer-periodic
assembly of mesoscopic spheres is presented in Fig. 2.
As one can see, the main feature is the presence of a
transmission dip over the range of wavelengths comparable with particle sizes. It is caused by the suppression
of wave propagation due to the spatial ordering of mesoscopic particles. In addition, there is a strong attenuation of transmission in the high-frequency region. This
effect is in agreement with numerous experimental data
(see, for example, Refs. 17 and 22–24), and its nature is
discussed in Subsection 3.B.
To characterize the transmission spectra quantitatively, let us introduce the following parameters (see Fig.
2): the spectral position ( 0 ), the residual transmittance
(T 0 ), and the bandwidth (⌬  ) of the PBG (or pseudogap),
as well as short-wavelength attenuation characteristics—
transmittances in the high-frequency (T ⬍) and lowfrequency (T ⬎) gap edges and the width (⌬ ⬍) of the highfrequency transmission range (i.e., transmission band,
high-frequency relative to the first PBG).
The principal characteristic of a PC is the spectral position  0 of the PBG. Experimental data17 show the

Fig. 2. Coherent transmission spectra of the multilayer system
of dielectric spheres (N ⫽ 8,  ⫽ 0.6, ñ ⫽ 1.26, l m ⫽ 1.23d).

Fig. 3. Dependence of the pseudogap spectral position  0 on the
refractive-index contrast for the multilayer system of closepacked dielectric spheres with the different interlayer distances
l m . Calculations were performed by the QCA and the Bragg approximation (N ⫽ 8,  ⫽ 0.6, d ⫽ 200 nm).

monotonic increase of  0 when the particle refractive index grows. As can be seen from the solid curves in Fig. 3,
our calculations confirm this dependence.
The main tendencies of the dependence of  0 on optical
and geometric parameters of the 3-D layered PCs can be
concisely described by the simple analytical expression
derived from the analog of the Bragg conditions for a PC.
From the Bragg approximation for the interference minimum in forward direction n eff lm ⫽ 0/2, one can obtain
the simple expression connecting the gap position, particle and matrix refractive indices, particle sizes, and filling fraction in a PC:
 0 ⬇ 2l m 关 cn p ⫹ 共 1 ⫺ c 兲 n m 兴 .

(8)

Here we define the effective refractive index of the PC
n eff as a sum of the refractive indices of particles n p and
matrix n m in regard to the particle filling fraction c:
n eff ⫽ cnp ⫹ (1 ⫺ c)nm . As one can see by approximation
(8), the increase of intermonolayer distances or the particle refractive index gives rise to the long-wavelength
shift of the bandgap. Note that for opals or inverse opals
the interfacial spacing l m is equal to the mean particle
size d. Thus  0 ⬇ 2d 关 cn p ⫹ (1 ⫺ c)n m 兴 (see, for example, Ref. 25).
The quantitative agreement between the TM-QCA and
the Bragg approximation calculations is illustrated in
Fig. 3. In our opinion, this good agreement is the consequence of the fact that the above-described modeling of
the 3-D PC as a stack of monolayers is in some relation
close to the classical treatment of x-ray Bragg diffraction
into a crystal. Both the TM-QCA and the Bragg approximation consider an interference of waves scattered by
crystal planes.
However, the TM-QCA method also solves two problems of great importance for wave propagations in a spatially ordered system of strong scatterers (such as particles with a relative refractive index ñ ⬎ 1.5). For the
first, the TM-QCA method involves the rigorous solution
of a diffraction problem on a single sphere (the Mie
theory) that allows us to describe light interaction with
the nonpoint scatterers. Second, we take into account
electrodynamic coupling between the particles in a planar
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monolayer. Both of these topical points are extremely
important for a description of the full set of PC characteristics mentioned at the beginning of this subsection.
B. High-Frequency Attenuation in Direct Transmittance
The PC spectral coefficients of coherent transmission and
reflection calculated over the range from 100 to 1400 nm
for different particle sizes are presented in Fig. 4. The
reservation of the spectral position of the first pseudogap
was achieved by the appropriate choice of interlayer distances [see approximation (8)].
As one can see, for small particles there is a set of secondary gaps in the short-wavelength range relative to the
pseudogap position. In general, the dependence of the
pseudogap depth on its order is nonmonotonic (see, for example, the transmission spectrum for d ⫽ 100 nm). In
addition, a comparison of the data in Fig. 4(a) also shows
the nonmonotonic dependence of the first pseudogap
depth on particle size. The common cause underlying
these effects is discussed in detail in Subsection 3.D.
However, the other feature is more interesting. When
the particle size increases and becomes comparable to the
stack period l m (and consequently to the wavelength of
the first pseudogap), the attenuation in the shortwavelength region grows. It leads to a decreasing width
(⌬ ⬍) of the high-frequency transmission range. The
usual explanation of experimental evidence of this effect
is imperfect ordering in real PCs, which produces multiple incoherent (so-called diffuse) scattering and so diminishes the transport mean free path.26 But we should
emphasize that, in the given case, the degree of spatial
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disordering of samples with different sizes was the same
because of the same monolayer overlap parameter. That
is why we can conclude that this additional shortwavelength attenuation for samples containing large particles can be connected with the spectral features of single
light scattering.
It is well known that the cross section of single scattering grows with an increase of the size parameter 
⫽  d/. Attenuation of radiation connected with its
scattering on a single particle becomes stronger as the
frequency increases.27
Correspondingly, the highfrequency barrier appears in the direct transmission spectra of disperse media with any type of arrangement (even
for the perfect spatial array). The larger the particle
sizes, the longer the wavelength in this transmission barrier. For 3-D layered PCs the particle enlargement at
fixed l m makes the blue transmission cutoff closer to the
first pseudogap position. In addition, the cutoff steepness factor rises at the higher particle refractive index.
So the growth of the particle relative refractive index results in the narrowing high-frequency transmission range
⌬ ⬍ . Because the efficiency of a PC depends on both the
bandgap depth and the width of the transmission bands
beyond it, an increase in ñ is advisable only up to some
value determined by practical necessity. Also, to observe
the pronounced bandgap in the structures with the high
refractive-index contrast, it is necessary to meet the severe demand for packing quality and particle monodispersity.
The effect of coherence loss for scattered waves due to
the particle size comparability with the wavelength is of

Fig. 4. (a) Coherent transmission and (b) specular reflection spectra of the multilayer systems of close-packed monolayers with different
particle sizes (N ⫽ 8,  ⫽ 0.6, ñ ⫽ 1.6). All multilayer systems are stacked so that the pseudogap positions are coincident (for d
⫽ 10 nm, l m ⫽ 347.6 nm; for d ⫽ 100 nm, l m ⫽ 326 nm; for d ⫽ 280 nm, l m ⬇ d).
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principal importance, and not just for the treatment of
high-frequency attenuation in direct transmittance.
From the same point of view we can provide answers to
the problem as to why it is so difficult to experimentally
create the complete bandgap and absolute transparence
of a PC in the spectral ranges out of the bandgap. There
is an additional physical reason other than such evident
reasons as size disorder of particles and destruction of the
PC’s periodicity. This additional reason is the loss of coherence and energy dissipation due to the finite sizes of
the particles.
As was mentioned above, every particle in a PC can be
considered as the source of scattered waves, and a bandgap results because of the interference summing of these
scattered waves. It seems apparent that a decrease in
the degree of the mutual coherence of scattered waves
will change the interference pattern. It is common
knowledge that the finite size of the light source gives rise
to a decrease in the spatial coherence of waves. In its
turn, this circumstance leads to the degradation of the
contrast of the interference pattern created by two or
more sources of a finite size. From the above reasoning,
in our opinion, an interference destruction of the bandgap
may be the result not only of some spatial disordering of
real photonic structures, but also of such fundamental
causes as the particle finite (compared with wavelength
and interparticle distances) size.
C. Collective Attenuation Resonance in a Dense
Monolayer and Efficiency of the Interlayer Interference
To clarify the possible mechanisms initiating the formation of PBGs, let us consider a simplified situation in
which the layered structure includes only two monolayers
of close-packed spherical particles (see Fig. 5). In this
case the main contribution in the interference sum is provided by the light rays passing through both monolayers
with no reflection (1) and by the light rays experiencing
twofold reflection (2).
To possess the efficient interference, the intensities
(amplitudes) of light rays of these two types should be significantly large. That is, the transmission coefficient T m

Fig. 5. Interference scheme for light rays passing through
neighboring monolayers with no reflection (1) and experiencing
twofold reflection (2).
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of one monolayer should have a high value. Also, both
intensities should be comparable: I 1 ⬇ I 2 . The latter
condition is satisfied when T m (1 ⫺ R m 2 ) vanishes.
Thus, combining the conditions of large T m and small
T m (1 ⫺ R m 2 ), we conclude that the monolayer reflection
coefficient R m should also be significant. Let us introduce the function f ⫽ 1 ⫺ T m (1 ⫺ R m 2 ), which we refer
to as the function of the efficiency of interlayer interference. We can say that the deepest pseudogap is reached
at maximal f while T m and R m are kept relatively large.
To establish the range of parameters for which these
conditions are satisfied simultaneously, let us consider
the spectral dependence of transmission and reflection coefficients for the close-packed monolayer. Figure 6 shows
T m , R m , and f as functions of the size parameter  for
three values of the refractive-index contrast ñ (1.26, 2.0,
3.5). The overlap parameter in all cases is unchanged
and is equal to  ⫽ 0.6. The dashed curves in the middle
panels of Fig. 6 show the transmission spectra for sparse
systems equivalent to monolayers with an appropriate
number and type of particles.
As the lower panels of Fig. 6 illustrate, there are two
maxima of R m over the size-parameter range under consideration. From a comparison of the middle and lower
panels, it can be seen that, in the region of the second
(short-wavelength) resonance of reflection, the T m value
is decreasing because of the strong single scattering (i.e.,
the Mie resonance). Apparently (see the upper panels of
Fig. 6) it prevents the efficient interlayer interference of
light in the corresponding frequency range. At the same
time, the above-formulated conditions of the efficient interference are obviously satisfied over the range of the
first (long-wavelength) R m resonance, for which the
transmission coefficient remains large. Note that when
the refractive index of particles increases, this optimal
range shifts to the smaller size parameter’s values. For
ñ ⫽ 1.26, 2.0, and 3.5 we obtain, respectively,  ⬇ 1, 0.7,
and 0.5.
Note that the first maximum in the reflection spectrum
as well as the coincident minimum in transmission of a
monolayer have a fundamentally collective nature. This
collective nature is proved by the absence of the appropriate dip in transmission spectra of the sparse system (see
the middle panels in Fig. 6). Most likely the additional
transmission attenuation, which arises in this spectral region for the close-packed systems, is related to the shortrange ordering of particles, resulting in strong lateral
electrodynamic couplings on the scales of the particles’
correlation. Qualitatively, the origin of this resonance
attenuation can be associated with some effective scatterers (agglomerates) of the size larger than the size of a
single particle, which emerge in the close-packed monolayer. The larger the overlap parameter of the partially
ordered monolayer, the higher the probability of formation for such agglomerates. The growth of the refractive
index of particles leads to the enhanced lateral electrodynamic coupling, which manifests in increasing the corresponding collective attenuation [compare the middle panels of Figs. 6(a)–6(c)].
The considered collective attenuation resonance in the
region  ⬍ 1 has already been revealed both in experimental and in numerical data.20 Its emergence and col-
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lective nature are indirectly demonstrated by the detection of reflection resonance for a close-packed monolayer28
and concentrative transformation of the angular distribution of radiation scattered by it over the certain spectral
range.29
Thus, in our opinion, the first (long-wavelength) resonance attenuation of the close-packed monolayer is essentially collective in itself and is determined by the lateral
electrodynamic coupling of near-ordered scatterers.
In its turn, the second (short-wavelength) resonance of
reflection as well as the coincident minimum in transmission of a monolayer is principally related to the light scattering on single spherical particles. This Mie resonance
is exhibited both in a sparse random system of noninteracting particles and in a close-packed two-dimensional
layer. Some distinction in these appearances arises because of the above-discussed concentration effect based on
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coherent electrodynamic coupling of spatially correlated
particles in a monolayer. It consists in the formation of
the effective field inside the layer, which is essentially different from the incident field. Namely, this change in the
field interacting with a particle gives rise to some spectral
shift and modification of the Mie-scattering resonance
band when a sparse system turns into the close-packed
monolayer (see Fig. 6, middle panels).
In Fig. 7(a) we present the transmission spectra of PCs
and of the corresponding sparse system of random distributed particles. One can clearly see from the comparison
of these spectra that a feature of the PC spectrum is the
existence of a narrow and deep attenuation band in the
vicinity of  ⬇ 0.8. It is just the band, which is absent in
transmission spectra of a sparse random system. It has
a coherent nature and is determined by interlayer interference. In contrast, the deep gap in the region, which is

Fig. 6. Spectral dependence of coherent transmission T m , specular reflection R m , and the function of the efficiency of interlayer interference f ⫽ 1 ⫺ T m (1 ⫺ R m 2 ) at light interacting with the close-packed (  ⫽ 0.6) monolayers of spherical particles (d ⫽ 200 nm)
with different ñ. The dashed curves correspond to transmission coefficients for the sparse systems of the same number and type of
scatterers.

Fig. 7. Coherent transmission spectra of (a) the multilayer (N ⫽ 8, l m ⫽ 1.23d) and (b) the monolayer structures of dielectric spherical
particles (d ⫽ 200 nm,  ⫽ 0.6, ñ ⫽ 3.0). The dashed curves correspond to the sparse systems of the same number and type of scatterers.
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Fig. 8. Dependence of coherent transmission spectra of the multilayer system (N ⫽ 8,  ⫽ 0.6) of dielectric spheres (a) on the
refractive-index contrast (d ⫽ 200 nm, l m ⫽ 1.23d); (b) on the particle diameter (ñ ⫽ 1.6, l m ⫽ 282 nm); (c) on the interlayer distance
(d ⫽ 200 nm, ñ ⫽ 3.5). Arrows indicate the pseudogap spectral position.

present in the spectra of both systems, is related to the
strong resonances of single scattering. It is not caused
by the periodicity of the refractive index, which is crucial
for PCs.
This conclusion is also supported by the data presented
in Fig. 7(b), which show the transmission spectra of both
the monolayer of close-packed particles and the sparse
system with the corresponding number of particles. It is
evident that the transmission spectra of the monolayer
and sparse random system have the same fine structure
features over the Mie resonance region (  ⬎ 1.1).
D. Dependence of Pseudogap Depth on Optical and
Structural Parameters of Three-Dimensional
Layered Photonic Crystals
As we mentioned in the discussion of the results presented in Fig. 4, the spectral position of the pseudogap in
the structures under consideration can be tailored by a
change in the particles’ size or interlayer distance. In
Fig. 6 this region is hatched. The right demarcation line
of the hatched region corresponds to the minimal (from all
the possible) value of interlayer distance l m ⫽ d. Increasing the ratio l m /d (for example, by decreasing d)
leads to the shift of the pseudogap to the range of lower
values of the size parameter. In this case the function of
the efficiency of interlayer interference f is changed nonmonotonically (see the upper panels in Fig. 6). It first increases with decreasing d to some critical value d 0 , but
then starts to diminish. Also, as one can see from Fig. 6,
the larger the refractive index of the particles, the larger
the maximal value of the function f, and accordingly better optimal conditions for the pseudogap opening can be
reached. Such behavior of function f is connected with
the collective attenuation resonance in a monolayer with
short-range ordering.
Thus the existence of the additional collective attenuation band, which is sensitive to such parameters of the
monolayer as the refractive index, size, and packing den-

Fig. 9. Dependence of the function T m (1 ⫺ R m 2 ) (curves 1–3)
and the relative interlayer distance l m /d (curves 4–6) on the
pseudogap spectral position for the multilayer systems of closepacked (  ⫽ 0.6) monolayers with different ñ.

sity of particles, can cause the nonmonotonic dependence
of the pseudogap depth on several parameters of the PC.
Such consideration provides a qualitative explanation of
the nonmonotonic dependence of the pseudogap depth,
presented in Fig. 4, on the particles’ size for the 3-D layered PC structures with  0 ⫽ const. The same explanation can also be provided for the results, presented in Fig.
8, which demonstrate nonmonotonic dependence of the
pseudogap depth on (a) the refractive-index contrast, (b)
the particles’ size (in the case of structures with l m
⫽ const), and (c) the interlayer distances.
A deeper insight into these effects is presented in Fig.
9. We start with the consideration of the pseudogap
depth on the refractive-index contrast. As one can see,
when the refractive index increases, the minimum of the
function T m (1 ⫺ R m 2 ) (see curves 1–3) shifts to the lower
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Fig. 10. Dependence of the residual transmittance T 0 (a) on the refractive-index contrast (N ⫽ 8, d ⫽ 200 nm,  ⫽ 0.6, l m ⫽ 1.23d)
and (b) on the number of layers in the multilayer system 关 d ⫽ 200 nm,  ⫽ 0.6, l m ⫽ d (solid curves), l m ⫽ 1.23d (dashed curves)].
The two upper curves correspond to ñ ⫽ 1.26 and the two lower curves correspond to ñ ⫽ 2. The inset shows the logarithm of the
residual transmittance T 0 by the number of layers.

values of the size parameter . For the analyzed range of
the refractive indices, the pseudogap depth increases
monotonically with increasing ñ only for  ⬍ 0.65. In
contrast, as illustrated by spectra presented in Fig. 8(a),
for  ⬎ 0.65 this dependence becomes nonmonotonic.
The origin of the nonmonotonic dependence of the
pseudogap depth on particle size d was discussed above
when we considered Fig. 4. In Fig. 8(b) we plot another
dependence, now keeping l m /d constant. As we can see,
in this case the change in particle size results in the shift
of its spectral position (together with the nonmonotonic
dependence of the depth of the interference dip).
Interpretation of the data presented in Fig. 8(c) is more
complicated. Here we can see that for a PC with ñ
⫽ 3.5 the pseudogap depth at first decreases and then
grows as l m varies from 440 to 200 nm. Referring to Fig.
9 (see curves 3 and 6), we note in this case that the values
of the size parameter, corresponding to the pseudogap,
are 0.55, 0.74, and 0.82 whereas l m /d changes from 2.2 to
1. This range of  corresponds to a nonmonotonic change
of the function of efficiency of interlayer interference, but
its values at  ⫽ 0.82 and 0.74 are equal ( f ⫽ 0.98) and
one can expect the equivalent pseudogap depths. However, it can be concluded from Figs. 6 and 9 that the value
 ⫽ 0.82 is close to the transition region from the collective attenuation band to the strong resonance of single
scattering. As one can see from Fig. 8(c), in this case the
narrow pseudogap is absorbed by the broad band of
strong single attenuation (see the spectrum for l m
⫽ 200 nm). Thus, as we discussed in Subsection 3.C,
this broad attenuation band is essentially the result of the
Mie resonance scattering and does not reflect the interferential nature of PBGs.
In Fig. 9 we also illustrate how the parameters d and
l m can be optimized to reach the maximal pseudogap
depth for some given values of the refractive-index contrast and  0 . Let us demonstrate this action by the example of particles with the relative refractive index equal
to 3.5. Fixing the required wavelength  0 , one can determine d from the size parameter value  ⫽ 0.49, which

corresponds to the minimum of curve 3. Farther, when
we specify from curve 6 the value of l m /d ⫽ 2.2, appropriate to  ⫽ 0.49, it is easy to define the interlayer spacing l m .
As Fig. 9 shows, the optimal ratio of l m /d is close to
unity only for small values of the refractive index, and
thus the opallike structures (for which l m ⫽ d) become
optimal. However, when the refractive index of the particles increases, the maximal pseudogap depth is reached
at l m , which is large compared with d.
Figures 10(a) and 10(b) depict the dependence of the residual transmission in the pseudogap range on the refractive index of particles and on the number of layers, respectively. As one can see from Fig. 10(a), the optimal
values of the refractive index lie in the region ñ
⫽ 1.75– 2.75. However, it should be emphasized that
the higher the refractive index or the ratio l m /d, the
smaller the number of layers required to reach the
asymptotic value of the residual transmission and to
achieve the asymptotic linear dependence of ln(T0) by N,
experimentally detected for artificial opals24 [see Fig.
10(b)].
It should be noted that in all the presented estimations
we assumed the constant overlap parameter. Its change
causes a transformation of the monolayer spectrum and,
as a consequence, changes the optimal values of the structure parameters.

4. CONCLUSIONS
We have studied 3-D layer periodic dispersed arrays of
spherical particles applying the TM-QCA method and
have revealed several qualitative features of their optical
transmittance spectra. The main feature consists in the
nonmonotonic dependence of the pseudogap depth on
such parameters as particle size, refractive-index contrast, and intermonolayer distance. The origin of this effect lies in the existence of the limited spectral range
where the lateral electrodynamic coupling in a single
close-packed monolayer of spherical particles is maxi-
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mized. As a consequence, the coherent reflectance of a
single monolayer is also maximized, creating optimal conditions for the interference of waves scattered by different
monolayers.
The second feature is that there is a fundamentally inherent attenuation of the direct transmittance in the
short-wavelength region. For 3-D PCs made of mesoscopic particles the attenuation appears at wavelengths
shorter than the position of the photonic pseudogap. It is
caused by the energy dissipation due to strong wave scattering on single particles for the wavelengths comparable
or shorter than the particles’ size. So the single scattering gives rise to the appearance of the transmittance barrier at frequencies higher than the pseudogap. This dissipation cannot be excluded even by perfect ordering of
the particles’ assembly until their sizes are comparable
with the wavelength of the incident light. The existence
of this type of loss is the important distinction between
light diffraction in 3-D PCs made of mesoscopic particles
and Bragg diffraction of x rays in atomic or molecular
crystals, where the sizes of the scattering centers are negligible in comparison with the x-ray wavelength and the
interatomic spacing.
A related fact is that the complete PBG is hardly
achieved for real 3-D PCs composed of particles of an arbitrary shape, but with the particles size comparable to
the light wavelength and the interfacial spacing. The
cause is strong losses of coherence in the process of light
interaction with a single scatterer.
From this point of view it is preferential for some practical applications to use periodical structures with the
scatterers smaller than the light wavelength and interfacial spacing. The example of such PC structures for the
most attractive visible and infrared ranges is provided by
3-D layer periodic systems of dielectric nanoparticles with
interfacial solid subwavelength films.
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